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Abstract 

We show a connection formula between two different (7- Airy func- 
tions. One is called the Ramanujan function which appears in Ra- 
manujan's "Lost notebook". Another one is called the g-Airy function 
that obtained in the study of the second g-Painleve equation. We use 
the g-Borel transformation and the g-Laplace transformation following 
C. Zhang to obtain the connection formula. 



1 Introduction 

In the study of the g-analysis, it is known that there exist several different q- 
special functions corresponding to a special function defined by a differential 
equation. For example, three types of g-Bessel functions are known. We 
denote them Ju^\x;q), Ju^\x;q) and jj) {x;q) due to Ismail [6]. The first 
and the second one are called Jackson's first and second g-Bessel function 
and the third one is called the Hahn-Exton g-Bessel function. Similarly, two 
types of g-Airy functions are known. We denote them Aq{x) and Aig{x). The 
first one is called the Ramanujan function and the second one is called the 
g-Airy function. 
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Three g-Bessel functions are given by 



n>0 

n(7i + l) 



The Ramanujan function and the g-Airy function are defined by 
Ag{x) := ^ {-xT, 



Here, (a; g)„ and (a; g)oo are the g-Pochhammer symbol defined in sec- 
tion two. According to pQ , the Ramanujan function Ag(x) appears in the 
third identity on p. 57 of Ramanujan's "Lost notebook" [9J as follows (with 
X replaced by q): 

site'')" V i-i"vi-q'''m-g'"»3 / 



where 



1 



yi 



1 - q)^^{q)' 
?/2 = 0, 

3 ^ (2n+l)q2"+l 

_ q + q Z^n>0 l-g2n+l 

~ (l-g)(l-g2)(l_g3)^2(g) - (1 - g)3^6(^) 

2/4 = 2/12/3, 



n>0 (^'^')^ 
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Ismail has pointed out that the Ramanujan function is a g-analogue of 
the Airy function [B]- We show more detail about these functions in section 
three. 

It is known that there exist a relation for the g-Bessel functions and the 
g-Airy function. One is a relation between Jackson's first and second g-Bessel 
function [3] : 

f^\x,q)={-^^,q) 4'\x;q). (1) 

\ / oo 

Another is a relation between the Hahn-Exton g-Bessel function and the 
g-Airy function [8j : 

4'H^;g) = ^f^^''Ai,(-gx^), (2) 

where q" = —1. 

Other relations are not known. The main result in this paper is a relation 
between two g-Airy functions. It is not known any relation between the 
Ramanujan function and the g-Airy function, but these two functions are 
related by a connection formula and not by algebraic relation like ([1]) or (|2]). 

Connection problems of linear g-difference equations between the origin 
and the infinity are studied by G. D. Birkhoff [2]. Watson gave a connection 
formula for the basic hypergeometric equation 2'^i in 1910 [TT]: 



2V2i (a, b; c; g, x) = 2^1 [a, aq/c; aq/b; g, cq/abx) 

(c, b/a;q)^{x,q/x; g)oo 

{a, c/b;q)oo{bx,q/bx;q) 00 (u h 1 h 1 1 h\ 

+ 717X7 T~\ — ^V'l bq/ c; bq/ a; g, eg/ abx) . 

[c, a/ 0, q)c!o\X, q/ x, gjoo 

Recently, C. Zhang has given some connection formulae of g-difference 
equations of the confluent type [12], [12] and [H]. Zhang gives a connection 
formula of Jackson's g-Bessel function j!)^\x;q) [H]. In [13], Zhang intro- 
duced the g-Borel transformation and the g-Laplace transformation which 
are useful to study connection problems. In section four, we apply Zhang's 
method to the g-Airy functions. 

The connection formula of the g-Airy function gives a relation between 
the Ramanujan function and the g-Airy function as follows: 
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Theorem For any x , 

Since our new relation shows an asymptotic behavior of the Ramanujan func- 
tion near the infinity, it may be useful to study the Ramanujan function or 
similar type g-series. 



2 Standard notations 

In this section, we fix our notations. Wc assume that g G C* satisfies 
< \q\ < 1. We define the g-Pochhammer symbol {a;q)n- 

Definition 1 For any n e Z>o, 

fl, n = 0, 

and 

{a;q)oo = lim (a; g)n. 

n— >-oo 

Moreover, 

(ai, a2, • • • , am] q)oo = (oi; 5)00(02; q)oo • ■ ■ {am.; ?)oo- 

The g-difference operator cxg is given by o'qf{x) = f{qx). The basic 
hypergeometric series is defined as follows. 

Definition 2 The basic hypergeometric series is given by 

( u u \ ^ (ai,--- ,a,.;g)„ r n(n-i)i i+^-r- 

r^s{ai,--- ,ar-M,--- ,hs]q,x) := y^— — — {-I) q ^ x. 

^ (^'i,--- ,&.;g)n(g;g)n L J 

We define the theta function of Jacobi. We denote by 9q{x) or more 
shortly 9{x). The theta function of Jacobi is given by following series; 

Definition 3 For any x E C* , 

eg{x)^e{x) ^J^^g'^x". 
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The theta function has some important properties. The following lemma is 
called Jacobi's triple product identity. 



Lemma 1 For any x G C*, we have 

e{x) = (q,-x,--;qj . 

V X / oo 

The theta function satisfies the following g-difference relation. 
Lemma 2 For any A; G Z, 6{x) satisfies 

e{q^x) = q-'-^x-^e^x), Vx G C*. 

From lemma|2], we remark that the function 6{~Xx)/6{Xx), VA G C* satisfies 
a g- difference equation 

u{qx) = —u{x) 

(log X \ 
J „„„ „ togqJ. From the definition, 

the theta function has the following inversion formula. 
Lemma 3 For any x G C* , one gets 




3 Two types of the g-analogue of the Airy 
function 

There are two different g-analogue of the Airy function. One is called the 
Ramanujan function which appears in [9j. Ismail [6] pointed out that the 
Ramanujan function can be considered as a g-analogue of the Airy function. 
The other one is called the g-Airy function which is obtained by K. Kajiwara, 
T. Masuda, M. Noumi, Y. Ohta and Y. Yamada [7] . In this section, we see 
the properties of these functions. We explain the reason why they are called 
g-analogue of the Airy function and we show g-difference equations which 
they satisfy. 
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3.1 The Ramanujan function Aq{x) 

The Ramanujan function appears in Ramanujan's "Lost notebook" |9j. Is- 
mail has pointed out that the Ramanujan function can be considered as 
a g-analogue of the Airy function. The Ramanujan function is defined by 
following convergent series; 



Ag{x) := V ^(-x)" = o<^i{-; 0; q, -qx). 



In the theory of ordinary differencial equations, the term Plancherel- 
Rotach asymptotics refers to asymptotics around the largest and smallest 
zeros. With x = \/2n + 1 — 2233n&t and for t G C, the Plancherel-Rotach 
asymptotic formula for Hermite polynomials Hn{x) is 

lim f ' g„(a:)=Ai(t). (3) 

Sail 4,22~*'4\'nl 



hoo 



In [6], Ismail shows the g-analogue of (jS]) 
Proposition 1 One can get 



q 

n— J-oo t \t 



where e^" = tq 



Here, hn{-\q) is the g- Hermite polynomial. In this sense, we can deal with 
the Ramanujan function Aq{x) as a g-analogue of the Airy function. The 
Ramanujan function satisfies the following g-diference equation; 

{qxag -ag + l) u{x) = 0. (4) 

Remark 1 We remark that another solution of the equation ^ is given by 

u{x) = 9{x)2'^o{0, 0; -; g, -x). 

Here, 

2^o(0, 0; -; g, -x) = t\- {(-l)"?"^}'' h^T 
is a divergent series. 
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3.2 The g-Airy function Aiq{x) 

The g-Airy function is found by K. Kajiwara, T. Masuda, M. Noumi, Y. 
Ohta and Y. Yamada [7], in their study of the g-Painleve equations. This 
function is the special solution of the second g-Painleve equations and given 
by the following series 

Ai,(a;) := 7 ^ (-x)" = i^i(0; -g; g, -x). 

^— ' —0. o; O r, l J 



n>0 



T. Hamamoto, K. Kajiwara, N. S. Witte [5] proved following asymptotic 
expansions; 

Proposition 2 IVzi/i g = e~~ , x = —2ie~^ as 6 ^ 0, 

^y,^(0; -g; g, -gx) = 27r^r ^e-(l^) '"^^(m)^^^ [aI (sC^ ) + 0{6') 

i(^i(0; -g; g, qx) = 27r^r ^e"(l^) ''^2-(il)^-fi Ai [se'^^ + 0{6^) 
for s in any compact domain of C 

Here, Ai(-) is the Airy function. From this proposition, we can regard the 
g-Airy function as a g-analogue of the Airy function. 

We can easily check out that the g-Airy function satisfies the second order 
linear g-difference equation 

{a^^+xa,-l)u{x)=0. (5) 

Another solution of the equation ([5]) is given by 

■ / log X \ ■ / log X \ 

u{x) = 6^^^^°^^ ' iLpi{0; — g; g, x) = e"^^^^' Aiq(— x). 



3.3 Shearing transformations 

We define a shearing transformation of a second order linear g-difference 
equation. 

Definition 4 For a q- difference equation 

a{x)u{(fx) + h{x)u{qx) + c{x)u{x) = 0, (6) 
we define the shearing transformation as follows 

t^ := x, v{t) := u{t^), p := ^/q. 
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The shearing transform of the equation is given by 

a{f)v{pH) + h{f)v{pt) + c{f)v{t) = 0. 
By the shearing transformation, the equation 

{K ■ xal -aq + l) u{x) = 

is transformed to 

{K-t'al-a, + l)vit) = 0, (7) 
where K is a fixed constant in C*. 

3.4 The g-Airy equation around the infinity 

We consider the behavior of the equation around the infinity. We set 
X = 1/t and z{t) = u{l/t). Then z{t) satisfies 

-aj + -^cr, + z{t) = 0. 

We set S(t) = l/9{—qH) and f(t) = J2n>o^nt"', «o = 1- We assume that 
z{t) can be described as 



zit) = £{t)f{t) 



The function £{t) has the following property; 
Lemma 4 For any t G C*, 

a,S{t) = -qHS{t), alS{t) = qH^8{t). 
From this lemma, f{t) satisfies the following equation 

{-qh'al + f{t) = 0. (8) 
Since ([H]) is the same as for K = —q^, we obtain 

fit) = oM-,0;Q',Q't') = A,2i-qh'). 
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4 The g'-Borel transformation, the g^-Laplace 
transformation and the connection formula 



In this section, we show a connection formula for f{t). In order to obtain a 
connection formula, we need the g-Borel transformation and the g-Laplace 
transformation following Zhang [T3] . 

4.1 The g-Borel transformation and the g-Laplace trans- 
formation 

Definition 5 For f{t) = X]n>o'^"'^"' q-Borel transformation is defined 
by 

9{r) = {BJ) (r) :=^a„g-^r", 

n>0 

and the q-Laplace transformation is given by 

The g-Borel transformation can be considered as a formal inverse of the q- 
Laplace transformation. 

Lemma 5 For any entire function f , 

A o E,f = f. 

Proof We can prove this lemma calculating residues of the q-Laplace trans- 
formation around the origin. | 

The g-Borel transformation has following operational relation; 
Lemma 6 For any l,m & '^>o, 

K? /^-/■^^^^^ ^ —n — -^rnl—mtD 
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4.2 The connection formula of the g-Airy function 

Applying the g-Borel transformation in 14.11 to the equation ([7]) and using 
lemma |6l we obtain the first order g-difference equation 

g{qT) = {l + q\){l-q\)g{T). 

Since g{Q) = 1, gi^r) is given by an infinite product 

, . 1 



oo 

which has single poles at 

{T-T = ±q-^-\ VA;GZ>o}. 
By Cauchy's residue theorem, the g-Laplace transform of g{T) is 

1 



fit) 



27Ti 



[ 9ir)0 






J It =r 





-Y,^eAg{r)e( 

k>0 ^ ^ 

-5^ResL(r)0 



fc>0 



M 1 

- -;r = -g 

T / T 



t\ 1 -2-k 



-■,T = q 

T / T 



where 0<r<ro:=l/|g^|. We can culculate the residue from lemma [7] and 
lemma |2] . 

Lemma 7 For any k E N, A G C*, one can get; 

, N ! 1 1 fc(fc+l) 

11 .J {-If^^q-^ 



1. Res{ —— — ^ : T = \q'^ 



2. = ^ A ^ q^. 

(Ag"'';g)oo (A; g)oo (g/A; g)^' 
Summing up all of residues, we obtain 



m = , 1^1 f 0, -q- g, + T^^^i^i f 0, -g; g, 

(g, -l;g)oo V V -1; 9)oo V ^ 

Combining with lemma|3l we get a connection formula for z{t) = S{t)f{t). 
Finally, we acquire the following connection formula between the Ramanujan 
function and the g-Airy function. 
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Theorem For any x , 

Here, both hq{x) and h\q{x) are defined by convergent series on whole of the 
complex plain. The connection formula above is valid for any a; e C*. 
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